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Abstract. We consider a Hamiltonian with cutoffs describing the weak decay 
of spin 1 massive bosons into the full family of leptons. The Hamiltonian is 
a self-adjoint operator in an appropriate Fock space with a unique ground 
state. We prove a Mourre estimate and a limiting absorption principle above 
the ground state energy and below the first threshold for a sufficiently small 
coupling constant. As a corollary, we prove absence of eigenvalues and absolute 
continuity of the energy spectrum in the same spectral interval. 

1. Introduction 

In this article, we consider a mathematical model of the weak interaction as 
patterned according to the Standard Model in Quantum Field Theory (see [IH1I3I]). 
We choose the example of the weak decay of the intermediate vector bosons 
into the full family of leptons. 

The mathematical framework involves fermionic Fock spaces for the leptons and 
bosonic Fock spaces for the vector bosons. The interaction is described in terms 
of annihilation and creation operators together with kernels which are square inte- 
grable with respect to momenta. The total Hamiltonian, which is the sum of the 
free energy of the particles and antiparticles and of the interaction, is a self-adjoint 
operator in the Fock space for the leptons and the vector bosons and it has an 
unique ground state in the Fock space for a sufficiently small coupling constant. 

The weak interaction is one of the four fundamental interactions known up to 
now. But the weak interaction is the only one which does not generate bound 
states. As it is well known it is not the case for the strong, electromagnetic and 
gravitational interactions. Thus we are expecting that the spectrum of the Hamil- 
tonian associated with every model of weak decays is absolutely continuous above 
the energy of the ground state and this article is a first step towards a proof of such 
a statement. Moreover a scattering theory has to be established for every such 
Hamiltonian. 

In this paper we establish a Mourre estimate and a limiting absorption principle 
for any spectral interval above the energy of the ground state and below the mass 
of the electron for a small coupling constant. 

Our study of the spectral analysis of the total Hamiltonian is based on the 
conjugate operator method with a self-adjoint conjugate operator. The methods 
used in this article are taken largely from [4j and [13] and are based on [3] and [25] . 
Some of the results of this article has been announced in |8]. 

For other applications of the conjugate operator method see [U [5l [6l [9l [TOl [TT\ 
[T2l[T4l[l5l[l2l[2lll26]. 
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For related results about models in Quantum Field Theory see [7] and [28] in the 
case of the Quantum Electrodynamics and [2^ in the case of the weak interaction. 

The paper is organized as follows. In section [21 we give a precise definition of 
the model we consider. In section [3l we state our main results and in the following 
sections, together with the appendix, detailed proofs of the results are given. 
Acknowledgments. One of us (J.-C. G) wishes to thank Laurent Amour and 
Benoit Grebert for helpful discussions. The authors also thank Walter Aschbacher 
for valuable remarks. The work was done partially while J.M.-B. was visiting the 
Institute for Mathematical Sciences, National University of Singapore in 2008. The 
visit was supported by the Institute. 



2. The model 

The weak decay of the intermediate bosons W'^ and W~ involves the full family 
of leptons together with the bosons themselves, according to the Standard Model 
(see dH Formula (4.139)] and [31]). 

The full family of leptons involves the electron and the positron e'^ , together 
with the associated neutrino j/g and antineutrino j>e, the muons /i~ and /i^ together 
with the associated neutrino ly^ and antineutrino Dfj_ and the tau leptons t~ and 
r+ together with the associated neutrino Vr and antineutrino Pr- 

It follows from the Standard Model that neutrinos and antineutrinos are mass- 
less particles. Neutrinos are left-handed, i.e., neutrinos have helicity —1/2 and 
antineutrinos are right handed, i.e., antineutrinos have helicity +1/2. 

In what follows, the mathematical model for the weak decay of the vector bosons 
and that we propose is based on the Standard Model, but we adopt a 
slightly more general point of view because we suppose that neutrinos and an- 
tineutrinos are both massless particles with helicity ±1/2. We recover the physical 
situation as a particular case. We could also consider a model with massive neutri- 
nos and antineutrinos built upon the Standard Model with neutrino mixing I27j . 

Let us sketch how we define a mathematical model for the weak decay of the 
vector bosons into the full family of leptons. 

The energy of the free leptons and bosons is a self-adjoint operator in the cor- 
responding Fock space (see below) and the main problem is associated with the 
interaction between the bosons and the leptons. Let us consider only the inter- 
action between the bosons and the electrons, the positrons and the corresponding 
neutrinos and antineutrinos. Other cases are strictly similar. In the Schrodinger 
representation the interaction is given by (see [THl pl59, (4.139)] and [31] p308, 
(21.3.20)]) 
(2.1) 

/= /d3a;W:(a;)7"(l-75)«'.,(x)W^„(x)-f / d^x%7Ax)l''il - -/5)'^e{x)W^ix)* , 



where 7", a = 0, 1, 2, 3 and 75 are the Dirac matrices and ^'.(2^) and ^'.(x) are the 
Dirac fields for e_, e+, and P,,- 
We have 



*,(X) = (;1)^ I d'p(^'e,+ (p,s) 



"(P'^)e»P.^+5;_(p,,)%£le- 



Po VPq 



^e(x) = *e(a;)^7° 
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Here po = + 777,^)5 where me > is the mass of the electron and u{p, s) and 
v{p,s) are the normaUzed solutions to the Dirac equation (see [THl Appendix]). 

The operators 6e,+ (p, s) and 6* _^{p, s) (respectively be,-{p, s) and 6* _(p, s)) are 
the annihilation and creation operators for the electrons (respectively the positrons) 
satisfying the anticommutation relations (see below). 

Similarly we define ^';^^(a;) and ^'i/^(x) by substituting the operators Ci,^^±{p, s) 
and c*^ _|_(p, s) for be,±{p, s) and 6* _|_(p, s) with po = \p\. The operators Ci,^^+(p, s) 
and c* +(p, s) (respectively c,y^.~{p,s) and c* „(p, s)) are the annihilation and 
creation operators for the neutrinos associated with the electrons (respectively the 
antineutrinos). 

For the Wa fields we have (see [31 §5.3]). 

Wc.{x)^{—y Yl / ^(ea(fc,A)a+(fc,A)e^'=-+e:(fc,A)al(fc,A)e-^'^--) . 

Here ko = {\k\'^+■m^,)i where mw > is the mass of the bosons W^. is the an- 
tiparticule of W~. The operators a+(fc, A) and a*^{k,X) (respectively a_(A;, A) and 
al(fc,A)) are the annihilation and creation operators for the bosons W~ (respec- 
tively W^) satisfying the canonical commutation relations. The vectors ea{k,X) 
are the polarizations of the massive spin 1 bosons (see ^32^ Section 5.2]). 

The interaction (|2.ip is a formal operator and, in order to get a well defined 
operator in the Fock space, one way is to adapt what Glimm and Jaffe have done in 
the case of the Yukawa Hamiltonian (see [16 ). For that sake, we have to introduce 
a spatial cutoff g{x) such that g £ i^(K'^), together with momentum cutoffs x{p) 
and p{k) for the Dirac fields and the fields respectively. 

Thus when one develops the interaction / with respect to products of creation 
and annihilation operators, one gets a finite sum of terms associated with kernels 
of the form 

xiPi) xiP2) p{k) g{pi +p2-k) , 
where g is the Fourier transform of g. These kernels are square integrable. 

In what follows, we consider a model involving terms of the above form but with 
more general square integrable kernels. 

We follow the convention described in [301 section 4.1] that we quote: "The 
state-vector will be taken to be symmetric under interchange of any bosons with 
each other, or any bosons with any fermions, and antisymmetric with respect to 
interchange of any two fermions with each other, in all cases, wether the parti- 
cles are of the same species or not". Thus, as it follows from section 4.2 of [30] . 
fermionic creation and annihilation operators of different species of leptons will 
always anticommute. 

Concerning our notations, from now on, £ E {1,2,3} denotes each species of 
leptons. £ = 1 denotes the electron e~ the positron and the neutrinos t'e, Pg- 
£ = 2 denotes the muons /Lt+ and the neutrinos and and € = 3 denotes 
the tau- leptons and the neutrinos Vj- and Dt-- 

Let ^1 = {pi, si) be the quantum variables of a massive lepton, where pi G 
and si e { — 1/2, 1/2} is the spin polarization of particles and antiparticles. Let 

= iP2, S2) be the quantum variables of a massless lepton where p2 G K"^ and 
S2 G { — 1/2, 1/2} is the helicity of particles and antiparticles and, finally, let 
^3 — (fc. A) be the quantum variables of the spin 1 bosons and W~ where 
fc e and A e { — 1, 0, 1} is the polarization of the vector bosons (see |30l 
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sections]). We set Si = x {-1/2, 1/2} for the leptons and S2 = x {-1, 0, 1} 
for the bosons. Thus L^(Si) is the Hilbert space of each lepton and £^(£2) is the 
Hilbert space of each boson. The scalar product in L^(I]j ), j = 1, 2 is defined by 

(2.2) (/, g)= [ 7(05 i = l,2. 



Here 



JEi 1 1 *^ \—c\ 1 _i *^ 



.=+1,-1- A=0,l,-1 

The Hilbert space for the weak decay of the vector bosons W'^ and W~ is the 
Fock space for leptons and bosons that we now describe. 

Let & be any separable Hilbert space. Let (resp. ®"6) denote the anti- 

symmetric (resp. symmetric) n-th tensor power of 6. The fermionic (resp. bosonic) 
Fock space over S, denoted by 5^a(S) (resp. ^si&))i is the direct sum 

00 n 00 n 

(2.3) i?a(S) = 0(g)S (resp. i?, (6) = 0(g) 6) , 

n—0 a n—0 s 

where (g)°S = (g)°6 = C. The state VI = (1, 0, 0, . . . , 0, . . .) denotes the vacuum 
state in S^o(S) and in S^s(S). 

For every is the fermionic Fock space for the corresponding species of 

leptons including the massive particle and antiparticle together with the associated 
neutrino and antineutrino, i.e., 

4 

(2.4) i?£ = 0^a(i^'(Si)) ^=1,2,3. 
We have 

(2.5) de= , 

qt>0,qt>0,rt>0,fe>0 

with 

(2.6) ^<f^'^''^''-^^ = {(^l^L\Y.r)) <3 m'L\E,)) (g, {<37L\E,)) ® {(37L''{E,)) . 

Here qe (resp. qe) is the number of massive particle (resp. antiparticles) and 
(resp. fg) is the number of neutrinos (resp. antincutrinos) . The vector Qi is the 
associated vacuum state. The fermionic Fock space denoted by for the leptons 
is then 

(2.7) dL = 0f=ii?^ , 

and fl^ = (^f^i^^i is the vacmmi state. 

The bosonic Fock space for the vector bosons and W~, denoted by ^w, is 
then 

(2.8) = dsiL\^2)) ds{L\i:2)) ^ ^s{L''{^2) e l'(S2)) . 

We have 



5v^= 



t>0,t>0 



where = ((8)*L^(E2)) (8) ((8)*L^(E2)). Here t (resp. t) is the number of bosons 
W~ (resp. W~^). The vector flw is the corresponding vacuum. 
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The Fock space for the weak decay of the vector bosons and W , denoted 
by 3", is thus 



and fl = ^II^ is the vacuum state. 

For every i € {1, 2, 3} let Dg denote the set of smooth vectors tpg £ for which 
^iQe,qe,re,re) j^g^g compact support and ^(9«.9«,i"«,rf) _ Q t)^^ finitely many 

{qe,qe,re,fi). Let 



The set 2) is dense in ^. 

Let Ae be a self-adjoint operator in 'Si such that De is a core for Ag. Its extension 
to Sl is, by definition, the closure in of the operator (g) I2 (8i I3 with domain 
Dl when £ = 1, of the operator li ig) ^2 ® I3 with domain S)/, when £ = 2, and of 
the operator li ® I2 ® A3 with domain Dl when £ = 3. Here Ig is the operator 
identity on ^g. 

The extension of Ag to is a self-adjoint operator for which T>l is a. core and 
it can be extended to 3^. The extension of Ag to 3 is, by definition, the closure in 
3 of the operator Ag (g) Iw with domain J), where Ai is the extension of Ag to 
The extension of Ag to 3 is a self-adjoint operator for which 2) is a core. 

Let -B be a self-adjoint operator in for which Dw is a core. The extension 
of the self-adjoint operator AgiS) B is, by definition, the closure in 3 of the operator 
^1 (g I2 ® I3 ® -B with domain D when £ = 1, of the operator li (g) A2 ® I3 ® .B 
with domain D when 1 = 2, and of the operator li I2 A3 B with domain D 
when £ = 3. The extension of (g) -B to 3 is a self-adjoint operator for which D is 
a core. 

We now define the creation and annihilation operators. For each £ = 1,2,3, 
''^,e(^i) (resp. is the annihilation (resp. creation) operator for the corre- 

sponding species of massive particle when e = + and for the corresponding species 
of massive antiparticle when e = — . Similarly, for each £ = 1,2,3, C£^e(^2) (resp. 
c|j(^2)) is the annihilation (resp. creation) operator for the corresponding species 
of neutrino when e = + and for the corresponding species of antineutrino when 
e = — . The operator a^i^s) (resp. a* {^3)) is the annihilation (resp. creation) 
operator for the boson W~ when e = + and for the boson when e = — . 

Let * e 2) be such that 



where {qe,qe,re,fe,t,t) G N^. Here, (*^«''^''''''^'^)9,>o,g,>o,r,>o,f,>o e ^e, and 
iv^*'%>o,t>o e Dw 
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Let 

Qe- = {{qe',qe',ri',fe')e'<t, {qt,qe + l,n,fe), iqe',m',n',n')i'>e, 
Qe,+ = ({qe',qe',re',fe')e'<t, {qe,qe,n + l,fe), iqe',qe',re',n')t'>e, {t,t)^ 
Qe - = (iqe',qe',rt,fi')t<:e, {qi,qi,ri,fi + I), {qe , qt' ,re' ,fi>)i>>i, {t,t)^ 

and 

Qb,+ = [{qe, qe,n, n)e=i,2,3, + , 
Qb- = (iqe,qe,re,n)e=i,2,3, it,i+ l)j . 

We define 



2 1 S,2 



and 

As usual, b(^{^i) (resp. c|j(^2)) is tiie formal adjoint of (resp. Cf,e(^2))- 

For example, we have 

(6,%(6)*)(«^'+) ( . ; \ ■ • ■ , • ) 

^/¥TTii; i 

E (- 1)'^' ^(^1 - ^^^^ )*^''^ ( • ; ^i'^ ^i'^ ' • • • ' ' • • • ' ii'^'' ; • ) , 
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where ? denotes that the «-th variable has to be omitted, and S{^i — ^j*-*) = 
S^^^{i)S{pi —p'l^). The operator a*{£,z) is the formal adjoint of ae(^3) and we have 



where 5(6 - Cf) = 5AAW^(fc - fc^*^)- 

The following canonical anticommutation and commutation relations hold. 

[ae{^3),aAQ]^0 , 

{hA^i),c,,,A^2)} = {biA^i),4,^Ah)} = , 

[beA^i),aAC3)] - [biA^i),a:,{^3)] = [Q,e(6), ".'(Ca)] = <' (6)] = 

Here, {b, b'} = bb' + b'b, [a, a'] = aa' — a' a. 

We recall that the following operators, with G 



&.%(^) = / biM)Am, 4AA = I ciM)Am 

are bounded operators in 5 such that 

(2.9) WblAAW - llc^MII = II^IU^ , 

where b'^ (resp. c") is b (resp. c) or b* (resp. c*). 

The operators b^^ ^{A ^^nd c^i ^{A satisfy similar anticommutaion relations (see 
e.g. ESI). 

The free Hamiltonian Hq is given by 

Ho = H^'^ + + 



-EE / 4'\^i)blACi)biA^i)d^i + T.T. 1 4'\^2)ciM2)ctA£.2A£.2 

+ J2 f «^''He3)a:(e3)a.(6)d6 , 

e=±"' 

where 

Wi^\A) ^ (biP with < mi < m2 < TO3 , 

^f^(6) = b2| , 

^(3)(^3)^(|fc|2+^2^)| , 

where niw is the mass of the bosons and such that m^ > m^. 
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The spectrum of Hq is [0, cxi) and is a simple eigenvalue with f2 as eigenvector. 
The set of thresholds of Hq, denoted by T, is given by 

T = {p mi + q TO2 + T n^s + s mw, {p, Q, ^, s) £ and p + q + r + s > 1} , 

and each set [t, oo), t € T, is a branch of absolutely continuous spectrum for Hq. 
The interaction, denoted by Hj, is given by 

(2.10) = E ^i"^ ' 



where 



(2.11) 



(2.12) 



3 

Hi'^ =EE / G£e'(ei,6,6)&;..(6)<,-(6)a.(6)dCid6d6 

£=1 e^a' 

3 „ 

+ G(^L'(ei,6,6)a:(6)Q.e'(6)&£.e(6)dCid6d6 

e=l e^e' 
3 „ 

=EE / Gl'L'(a,6,6)&L(^i)4e'(6)a:(6)d6d6d6 

£=1 e^a' •' 

3 . 

+ EE / Gg.e'(a,6,C3)ae(6)Q,.'(6)6£,.(a)dad6d6 



(2) 

The kernels ^'^ ^,(., ., .), a = 1, 2, are supposed to be functions. 
The total Hamiltonian is then 

(2.13) H = Ho+gHi, g>0, 

where g is a coupling constant. 

The operator Hj^^ describes the decay of the bosons and W~ into leptons. 

(2) 

Because of Hj ' the bare vacuum will not be an eigenvector of the total Hamiltonian 
for every g > as we expect from the physics. 

Every kernel G£^e,e'i^i,£,2,^3), computed in theoretical physics, contains a S- 
distribution because of the conservation of the momentum (see [TH] [501 section 4.4]). 
In what follows, we approximate the singular kernels by square integrable functions. 

Thus, from now on, the kernels C'f^^, are supposed to satisfy the following 
hypothesis . 

Hypothesis 2.1. For a = 1,2, £ — 1,2, 3, e, e' — ±, we assume 

(2.14) Gg,,(Ci,6,e3) e l2(Ei X Si X S2) . 

Remark 2.2. A similar model can be written down for the weak decay of pions 7r~ 
and 7r+ (see [THl section 6.2] j. 

Remark 2.3. The total Hamiltonian is more general than the one involved in the 
theory of weak interaction because, in the Standard Model, neutrinos have helicity 
— 1/2 and antineutrinos have helicity 1/2. 

In the physical case, the Fock space, denoted by ^' , is isomorphic to ^'j^ (X" ^Wj 
with 



e=i 
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and 

^', = {®lL\^^))®{®lL^{W')) . 
The free Hamiltonian, now denoted by Hq , is then given by 

and the interaction, now denoted by H'j, is the one obtained from Hi by supposing 
that G'"^(^i, (^2552)1^3) = if S2 — ei. The total Hamiltonian, denoted by H' , is 
then given by H' = Hq + g Hj. The results obtained in this paper for H hold true 
for H' with obvious modifications. 

Under Hypothesis 12.11 a well defined operator on J) corresponds to the formal 
interaction Hi as it follows. 
The formal operator 

j Gg,,,(6,6,e3)fo|,.(6)cL.(6)ae(6)dCidC2d6 
is defined as a quadratic form on (D^ ® '^w) x (2)^ ® as 

j (ct,A^2)htAii)^, G^^i^,,ae(6)0)dad6d6 , 

where ijj , <f) € D i ® 'Zlw- 

By mimicking the proof of Theorem X.44], we get a closed operator, denoted 
by Hj^j^ g,, associated with the quadratic form such that it is the unique operator 
in (X) such that Dw C T>{Hj^j ^ A is a core for Hj^j ^ ^, and 

= / G£,,(ei,6,6)fo,%(ei)<,.(6)ae(6)dCid6d6 

as quadratic forms on (D^ ® Siv) x (®« ® ©w)- 
The formal operator 

j Gg^,,(a,6,6)c£,e'(6)&^,.(a)a:(e3)dad6de3 

is similarly associated with {Hj^j^ A* and 

(H^'lA* = I Gg,,,(a,6,6)c£,e'(6)&^,.(a)«:(e3)dad6d6 

as quadratic forms on {Di'S>Dw) x (D^^Svk)- Moreover, De(g)Dw C V{{Hfl ^ A*) 
is a core for {Hf'l ^ A* ■ 

f2l f2) 

Again, there exists two closed operators H\ ^ ^ ^, and {H\ A A* ^^ch. that ® 
Dm/ C V{Hfl^ A^ 2)£ «) Dm/ C V{{Hfl^ A*) and (g) Dm/ is a core for Hfl^^^, 
and {Hj ^ ^ Y and such that 

H^L.' = j GflAiiA2A^)hlMi)clA^2)<{^z)dS,A^2d^z , 
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= / GgV(Ci,6,e3)ae(6)c£,.'(6)&£,.(a)d6d6d6 

as quadratic forms on (D^ (g) Dw) x {Di ® Vw)- 

We shall still denote H'f^^^, and {H^"^ ^^,)* {a = 1,2) their extensions to ^. 

The set 2) is then a core for ^nd {h\°^1^^^.)* 

Thus 

a=l,2 ^=1 e^e' 

is a symmetric operator defined on S. 

We now want to prove that H is essentially self-adjoint on D by showing that 

Hj"^^ c' '™d {n'f]! , arc relatively i7o-bounded. 

Once again, as above, for almost every ^3 € E2, there exists closed operators in 
:Sl, denoted by B^^l^,{i:i) and (B*"^!^, (^3))* such that 

^11' (6) = - j G£,.(6,6,e3)6£,.(ei)Q,e'(6)deide2 , 

(^ll'te))* = / G^;i_,,(Ci,6,6)&|,e(ei)4,.'(6)deid6 , 

SS,e'fe) = 1 Gg_,,(a,6,6)&l,e(6)c|,,.(6)d6d6 , 

(5l'',,.(e3))* = -/ Gl^,',,,(Ci,6,6)?'€,.(Ci)Q,.'(6)d6d6 

as quadratic forms on D^xDi. 

We have that C I'CS^J.-fe)) (resp. C P((B^J^,(^3))*) is a core for 

i3lri'(^3) (resp. for (i?lj,,(6))*)- We stiU denote by B^^l.{^,)) and (BiJ,,(C3))*) 
their extensions to Si- 
lt then follows that the operator Hj with domain S) is symmetric and can be 
written in the following form 

E EE(^fi.' + (<i.')*) 

a=l,2^=l ei^e' 

= E EE / <i'fe)®a:(^3)d6+ E EE /(<i'(6))*®a,(e3)de3. 

a=l,2 ^=1 e^e' a=l,2 ^=1 e^^e' 

Let A''^ denote the operator number of massive leptons £ in S^^, i.e., 

(2.15) = E / ^l.(^i)''^.e(^i)dei • 

The operator Ng, is a positive self-adjoint operator in 5^^. We still denote by iV^ its 
extension to S^i,. The set is a core for Ni. 
We then have 

Proposition 2.4. For a.e. ^3 e S2, 2?(Bg^,(e3)), 2?((Bg^,(e3))*) D 2?(7V/), 

1. 

anc? /or ^ G ^^(-A^/ ) C S^l ^i^e /lave 

(2.16) ||<;,.(^3)*|l5.<||Gg,,(.,.,6)ll 
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(2.17) ll(<i.(C3))*$b. < l|Gg,,(.,.,6)llL^(s,xs,)ll^^/<I'b. • 
Proof. The estimates (j2.16p and (|2.17p are examples of N^. estimates (see |H]). We 
give a proof for sake of completeness. We only consider b[^}^_ The other cases 
are quite similar. 

Let $ = (*i'*''^'')Q and = (vj/lQ ))q, be two vectors in Dl, where we use the 
notations Q = g£, r^, ff)^^^ 2,3; and Q' = (q^, g^, r^, f^)fci,2,3- We have 
(2.18) 

3 

(^(Q')^ _(^3)$(Q))^^ = -,5,; ,,_i<5gw ^,6r'^ rA', n-1 n ^I'.lM^A'.rA; 

1=1 

[ (vI/W),6i,+ (ei)ci,_(6)$(^))5.Gl^l,-(ei,6,e3)d6d6 • 

Here Q = {qi - l,qi,ri,fi - 1, 92, 92, ''2, ^2, 93, 93, ?'3, ^"3)- 
For each Q, 

(2.19) S(^|._(e3)$('?) e (^^jf^^^^^^-^^--^) ,^;j(«>93.r3,r3)^ 

By the Fubini theorem wc have 

(^''5',<i46)*(^^)5 

By p.9p . and the Cauchy-Schwarz inequality we get 

(*^^\<i,-te)*^'^^);?.f 

<f/ ||6i,+(6)a>(«)|| f / |G«,_(a,6,6)rd6Vda^ ll*^'^)! 



By the definition of 6i.-|_(a)<i>'^'3) and the Cauchy-Schwarz inequality we get 



<qi 



|G(^i-(ei,6,6)pdeid6 



|Gl^|,^(6,6,6)Pdad6 ) ||vi/(Q)|||J|iVi*$(Q)| 



By (|2T9l) we have 



|Gl^|,_(a,6,C3)rdeide2 , 



SixSi 



for every e !Dl. Therefore we get 

||i?i'|,.(6)<i>(^)|lL < f / |Gi^|,_(Ci,6,6)Pd6d6) lliV,^$W)|| 

\JSixSi / 



2 

Si, ' 



and by (|2.19p we finally obtain 



El xEi 



^2 riSl|2 
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for every $ G D. 

Since J) r is a core for Nj" and B^^j _ with domain Dl is closable, V{b[^^1_ (^3)) D 
V{N^), and is satisfied for every $ e X>(7Vf ). □ 

Let 

Then ifp'^^,'' is a self-adjoint operator in ^w, and 2)^^/ is a core for Hq^^. 
We get 

Proposition 2.5. 

II /(5li(6))*®«.(e3)d6*f 

(2-20) ^ I (a) .... N|2 



^ ( / ^T)77v^^^i^^2de3) ii(A^£ + 1)^ ® (i^r.o^*lr 

and 
(2.21) 

II / Bll-(6)®<(e3)d6*f 



<(/ '''^"^'If;if'^'' dgid6d6) ||(A^. + l)^«(<¥v,||^ 



+ (/ iG(l'(a,C2,6)i'dad6d6) mNi + i)i^in' + ^\m') , 

for every ^' g I?(_ffo) o^c^ every 77 > 0. 

Proo/. Suppose that * G V{N^)®V{{H^^})i). Let 

We have 

i*.(6)ii'd6 = ii(iv, + i)^®(i/(;'i)^vi/||2 . 



S2 



We get 



/(<.!.'fe))*®a,(6)de3* 



S2 



Therefore 

''(<!e'(6))*®a.(6)*de3||| 

1 ..,^{a} 



(2.22) < ( J^^ ^;;ii^^\\iBZ:A^3)riN, + i)-^||5Jl^.(6)bd6)^ 



K?K^,6,e3)p 

U>(3)( 

as it follows from Proposition 12.41 
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We now have 



II / <i(e3)®a:(e3)*de3ii| 



and 



S2XS2 



(2.23) iBl,%,{QiNe + 1)"^ ® l)vI/,(^3)) d^d^^ 
<( 



i^5T7777T((<.!.'(6)(iV. + 1)-^ ® 



<( 

Furthermore 
(2.24) 



,3W, ^1 Il-gil'fe)(^£ + l)-^bj|^e(e3)||dg3)^ 

^^%|f^dad6d6)||(A^. + 1)^ ^ (<¥*f 



/ ||i?t!,,(6)®l)^fd6 

l|Bi"L.(6)(iV, + 1)-^ ® l)((iV, + 1)* ® l)*f dC3 

|Gg;,,(a,6,6)Pd6d6d6) (r7||(7V, + l)*|p + i^||vI/f) , 



< 

/Si xSi XS2 

for every 77 > 0. 

By (|232l) . ([2:231) . and ([2211), we finally get ((2:201) and ([23T1) for every e 
V{N^)^V{H^^}). The set V{N^)^V{H^^}) is a core for ® H^^j and X>(i7o) C 
^(iV/ (g) iJo^,-*). It then follows that ([2:20| and (jOTl) are verified for every * e 

v{Ho). ' a 

We now prove that is a self-adjoint operator in ^ for g sufficiently small. 
Theorem 2.6. Let gi > be such that 

^(if + i)Ei:Eii«K..iiW......„<i. 

Then for every g satisfying g < g\, H is a self-adjoint operator in ^ with domain 
V{H) = V{Hq), and D is a core for H. 



Proof. Let ^I* be in D. We have 



(2.25) 



I^/*IP<12EEE 

Q = l,2 1=1 £^e' 



(i3l:l(C3))*®ae(6)*d6 



(<.L'(6))®<(6)*d6 
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wmn < — ii^^o,£*ii < — ii^^o.£*ii < —\\Hon 

mi mi mi 



Note that 
and 

where 

(2.26) i?o,£ = E / w^^\^i)bUii)biA^ini+T. f (6)<,(C2)Q,.(6)d6 ■ 

We further note that 
(2.27) 

ii(iv, + 1)^ ® < ^(^ + i)\\Hon' + ^ii^o^ip + (^ + j^)\m^ 

for /3 > 0, and 
(2.28) 

4:7] mj m| 4p 4r; 



Combining ([2:25ll with ^^Qil, and ([2:281) we get for 77 > 0, /3 > 

(2.29) 



a=l,2 1=1 t^jte' 

+ 12( E E E iiG?i-f )(;^(i + mH.n' + (^(i + ^) + 

by noting 

(2.30) / ^^^^4#r^d6d6d6 < —\\Gt}A'- 

By p.29p the theorem follows from the Kato-Rellich theorem. □ 

3. Main results 

In the sequel, we shall make the following additional assumptions on the kernels 

Ma) 

Hypothesis 3.1. 

[i) For a = 1, 2, £=1,2, 3, e, e' = ±, 

|G£"!e'(Cl'€2,6)P 

— f2 d4id^2d43 < 00, 

S1XS1XE2 IP2I 

(m) There exists C > smc/i </iai /or a = 1, 2, £=1,2, 3, e, e' = ±, 

(/ |Gf,^.'(Ci,6,e3)|'dad6de3 ) <C^fT2. 

WSix{1p2|<<t}xS2 / 
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(in) For a ~ 1,2, £ = 1,2, 3, e, e' = ±, and i, j ~ 1,2,3 



/ [(P2-VpJGg,,](Ci,6,6 

JSi xSi xS2 



(m.6) / V2,iV2 

'S, xS, xE 



2 „2 



dCid^2d^3 < oo 



9p2,i9p2j 

(if) There exists A > mi such, that for a = 1,2, i ~ 1, 2, 3, e, e' = ±, 
GfA,(Ci,6,6) = z/ b2|>A. 



Remark 3.2. Hvvothesis \S.1\ (ii) is nothing but an infrared regularization of the 
kernels ( 
suppose 



kernels G^"''^, . In order to satisfy this hypothesis it is, for example, sufficient to 



Gf,^,,(Ci,6,C3) = b2|^G(") (6,6,6) 



where G^"]^, is a smooth function of {pi,p2,Pz) in the Schwartz space. 

The Hvvothesis \ 3. 1\ (iv), which is a sharp ultraviolet cutoff, is actually not nec- 
essary, and can be removed at the expense of some additional technicalities in Ap- 
pendix\^ However, in order to simplify the vroof of Provosition \3.5l we shall leave 
it. 

Our first result is devoted to the existence of a ground state for H together with 
the focation of the spectrum of H and of its absolutely continuous spectrum when 
g is sufficiently small. 

Theorem 3.3. Suppose that the kernels G^"^ ^, satisfy Hvvothesis \2.1\ and Hypoth- 
esis \3.1\ (i). Then there exists < 52 < gi such that H has a unique ground state 
for 5 < (?2 • Moreover 

a{H)=aUH) = [inf a(i?), 00) , 

with inf cr(iJ) < 0. 

According to Theorem 13.31 the ground state energy E = inf a{H) is a simple 
eigenvalue of H and our main results are concerned with a careful study of the 
spectrum of H above the ground state energy. The spectral theory developed in 
this work is based on the conjugated operator method as described in [23], [3j and 
|25| . Our choice of the conjugate operator denoted by A is the second quantized 
dilation generator for the neutrinos. 

Let a denote the following operator in ^^(Si) 

1 

a = -( 
2 

The operator a is essentially self-adjoint on G^(IR."^, C'^). Its second quantized 
version dr(a) is a self-adjoint operator in ^a{L'^{^i))- From the definition (|2.4p of 
the space , the following operator in 

Ai = l®l® dr(a) dr(a) 

is essentially self-adjoint on 2)^. 

Let now A be the following operator in^L 

A = (g) I2 (gi I3 + li «> ^2 «> I3 + li (8) I2 «) A3 ■ 



-(P2 ■ jVp2 +iVp^ ■P2) 
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Then A is essentially self-adjoint on 

We shall denote again by A its extension to ^. Thus A is essentially self-adjoint 
on D and we still denote by A its closure. 

We also set 

{A) = (1 + ^2)5 . 

We then have 

Theorem 3.4. Suppose that the kernels G^"^ ^, satisfy Hvvothesis \2.1\ and \3.1[ For 

any ij > satisfying < 5 < mi there exists < gs < 52 such that, for < g < gs, 
(i) The spectrum of H in (inf cr(iJ), mi — 6] is purely absolutely continuous. 
(m) Limiting absorption principle. 

For every s > 1/2 and ip, ip in ^, the limits 

lim {A)-'{H-X± ie) ( A) ""i/;) 

E— >0 

exist uniformly for A in any compact subset of (inf (t{H)^ mi — S\. 
{Hi) Pointwise decay in time. 

Suppose s e (i, 1) and f G C|J°(M) with supp/ C (inf cr{H), mi — S). Then 

\\{A)-'e-''"fiH){A)-'\\ ^0{ti-') , 

as t —^ 00. 

The proof of Theorem [33] is based on a positive commutator estimate, called the 
Mourre estimate and on a regularity property of H with respect to A (see [23 ) El 
and [25j). According to [13j . the main ingredient of the proof are auxiliary operators 
associated with infrared cutoff Hamiltonians with respect to the momenta of the 
neutrinos that we now introduce. 

Let xo(-), Xoo(.) e C°°(M, [0,1]) with xo - 1 on (-00, 1], Xcc^ = 1 on [2, 00) and 

For CT > we set 
(3.1) X"(P) =Xoo(H/a) , 

where p € R^. 

The operator Hj ,j is the interaction given by (|2.10|) . (|2.1ip and (|2.12p and as- 
sociated with the kernels x'^(P2)G^"^g/(Cii C2, ^3)- We then set 

Ha ■= Ho + gHj^a . 

Let 

Ei^c, = Si n {(p2, S2); \p2\ < ct} , 
Ei" = Sin{(p2,s2); \P2\><y} 

%i,2,a = ;?a(i'(El,a)) ® ^a{L\^l,a)) , 
V2=^?a(i'(Ei^))®i?„(L2(Si-)) , 

^i,2 = ^l,2,a ® : 
2 



We have 
Set 
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The space 5"^,! is the Fock space for the massive leptons I and ^1^2 is the Fock space 
for the neutrinos and antineutrinos L 
Set 

dl,<7 = de,2,a- ■ 
3 

3 

dL,a = ^de,a ■ 
5l - ® ^L,a ■ 



We have 
Set 

We have 
Set 



and 



= E / "'^'H6)a:(6)ae(6)d6 , 



3 



" = E E / c,%(6)Q,.(6)d6 
<<^ = EE / (6)c,%(6)Q,.(6)d6 . 

£=1 e=±"'IP2l<<^ 



We have on^ (^^^ 

Here, 1'^ (resp. Ig-) is the identity operator on (resp. ^^). 
Define 

(3.2) H-=H,\^. and iJo'^ = iJolj. . 

We get 
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and 



In order to implement the conjugate operator theory we have to show that 
a gap in its spectrum above its ground state. 
We now set, for /? > and 77 > 0, 

(3.3) C,, = f ^(1 + ^) + + 1^(1 + P) 

and 

Let 

(3.5) (g(",),,(.,.,.)) 
and set 



(3.6) K{G) = E E E \\G[tAW..^..^.) 



Let 

(3.7) ~ Cfj,-, ( 1 



Q = l,2 £=1 £^e' 

giK{G)Cp^ 



l-giK{G)Cpn 



^'■'^ - ( 1 + i-,,i,(G)G,,(' + l-9,KiG)G,, ) )^^'' 



Let 



' ,,/SixSixE2 IP2I 



I a=l,2 £=1 t^e 

Let 5 € M be such that 

< S < mi . 

We set 

(3.9) ^= sup( ^^^^^ , l)X(G)(2TOiC'/3„ + B^^) 

where A > mi has been introduced in Hypothesis I3.ir iv). 
Let us define the sequence {(Jn)n>o by 

(To = A , 

S 

di = mi - - , 

(72 = mi - (5 = 70-1 , 

where 7 = f — 5/{2mi — S). 



Let g'g''' be such that 



2 

0<g« <inf(l,gi,:^^) 
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For < g < gg^^ we have 



and 



3gD, 

0<7< (1--^) 



(3.10) < (T„+i < (1 - — )a„, n>l . 

7 

Set 

= inf cr(i/") , ?i>0. 

We then get 

Proposition 3.5. Suppose that the kernels g[°'^ ^, satisfy Hvvothesis \2.1l Hypoth- 

esis \3.lY i) and \ 3.lY iv). Then there exists < gs < gg^"^ such that, for g < gs 
and n > 1, is a simple eigenvalue of and does not have spectrum in 

The proof of Proposition 13 . 51 is given in Appendix A. 

We now introduce the positive commutator estimates and the regularity property 
of H with respect to A in order to prove Theorem 13.41 

The operator A has to be split into two pieces depending on a. 
Let 

f?fT(P2) = X2a{p2) , 

Oct = ri<y{P2)ari„{p2) , 
a" = 'n''{p2)aT]"{p2) . 
Since rj^ + (ry'^)^ = 1, and [rjcr, [rjcr, a]] = = [?f, [77'^, a] ], we obtain (see [13] ) 

a = a'^ + Oct . 

Note that we also have 

= ^ {Vcr{P2)'^P2 ■ iVp2 + iVp2.??o-(P2)^P2) , 
= ^ {v''{P2fP2 ■ i^P2 + i^P2.V''{P2fP2) ■ 

The operators a, Ua and a'" are essentially self-adjoint on C5"(IR'^, C^) (see [3l 
Proposition 4.2.3]). We still denote by a, Oa and a'^ their closures. If a denotes any 
of the operator a, and a°', we have 

V{a) = { u e L^(Si); ~au G i^(Si) } . 

The operators dr(a), dr(a'^), dLr{a„) are self-adjoint operators in iJa(-^^(Si)) 
and we have 

dr(a) = dr(a'") +dr(a^) . 
By p.4p . the following operators in g'^, denoted by Af and A^g respectively, 
A1 ^\®\® ®\^\®\®\® AViix") , 

= 1 (g) 1 (g) dr(oa) «)l-l-l(8)l(8)lg) dr(aCT) , 
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are essentially self-adjoint on Di. 

Let A'^ and be the following two operators in ^l, 

A" = A^ (g) I2 «) I3 + li «> A^ (g) I3 + li (g) I2 «) A^ , 

Aa = A^i (g I2 (g) I3 + li «> A„2 (g I3 + li «) I2 «> A„3. 
The operators A"' and Aa- are essentially self-adjoint on . Still denoting by A'^ 
and A^ their extensions to ^, A'^ and A„ are essentially self-adjoint on S) and we 
still denote by A'^ and Aa- their closures. 
We have 

A^A" + Aa . 

The operators a, a" and are associated to the following C°°-vector fields in 
respectively, 

v{p2) =P2 , 

(3.11) «"(P2) =ry"(p2)'p2 , 
Let V(p) be any of these vector fields. We have 

|v(p)| <rb| , 

for some F > and we also have 

(3.12) V(p)={i(b|)p, 

where the "D's are defined by (|3T1|) and (|XT2l) . and fulfill \p\°'-^v{\p\) bounded 
for a = 0,1, 2. ^ 
Let ■0t(.) : R'^ ^ M'^ be the corresponding flow generated by V: 

ipo{p) =P ■ 
ipt{p) is a C°°-flow and we have 

(3.13) e-i^l*lH < |Vt(p)| <er|*lH . 

ipt{p) induces a one-parameter group of unitary operators U{t) in L'^{Y.i) ~ L'^{M.^, C^) 
defined by 

iU{t)f)ip) = fiMpmetVMp))^ 
Let 0t(.), (?!'t'^(.) and (pati-) be the flows associated with the vector fields v{.), w°'(.) 
and Va(-) respectively. 

Let U{t), U^it) and Ua{t) be the corresponding one-parameter groups of unitary 
operators in L^(I]i). The operators a, a" , and Oo- are the generators of U{t), U'^{t) 
and Uc{t) respectively, i.e., 

U{t) = e"*"* , 
;7'"(t) =e-*°"* , 
Ua{t) = e"""* . 

Let 

^^'^(6) = («^f (6))fcl,2,3 



MATHEMATICAL MODEL OF THE WEAK INTERACTION 



21 



and 



Let V{t) be any of the one-parameter groups U{t), U'^{t) and Uc,{t). We set 

,2,3 , 



and we have 

Here ipt is the flow associated to V{t). 

This yields, for any <p G D, (see jH Lemma 2.8]) 

e-^^^'Foe^^'V - = (dr(e-''^'*u;(2)e"'*) - dr(«;(2)))^ 
^^■^^^ = (dr(u;(')o0f -w(2)))<^ , 

(3.16) 

Proposition 3.6. Suppose that the kernels G^"'^/ satisfy Hvvothesis \2. 1\ 
For every t G R we have, for g < gi, 

(in) e'*^<'I?(i?o) = e'^^'ViH) C I?(i?o) = • 

Proof. We only prove j), since m) and iii) can be proved similarly. By (j3.14p we 
have, for (/? G D, 

(3.17) e-^*^ifoe'*-^(^ - (if^'^ + H^^^ + dr(u;(2) „ </,,))(p . 

It follows from ([XT^ and ((XT7)) that 

||i?oe^*^</p|| <er|*l||i?o¥'ll • 
This yields i) because J) is a core for Hq. Moreover we get 

|li?oe'*^(i/o + l)"'|| <c^l*l . 

In view of 2)(iJo) = ®(^)j the operators HQ{H + i)^^ and H{HQ + i)~^ are bounded 
and there exists a constant C > such that 

\\He''^{H + i)-^\\ < Ce^l*! . 



Similarly, we also get 



||i/oe'*^"(i/o + l)-^||<ei^l*l , 
||i?oe"^"(i?o + l)"'|| <er|*l , 
\\He''^'{H + i)-'\\ <Cei^l*l , 
||ire'*^-(iJ + z)-i|| < C7e^l*l . 

□ 
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Let Hj{G) be the interaction associated with the kernels G — {G^"] 0=1,2- £=1,2,3 

where the kernels G^f^^,) satisfy Hypothesis 12. II 
We set 

V{t)G = (y(i)Gg^,)a = l,2; fcl,2,3; e^.'=± 

We have for ip G ^ (see [91 Lemma 2.7]), 

e-*'^*i//(G)e'^V = i?/(e-"*G)(^ , 
(3.18) e-*^"*i7/(G)e*^"V = Hi{e-'''''G)ip , 

e-'^'^Hi{G)e'^^^ip ^ i//(e-'""*G)<y9 . 

According to 3 and [25 , in order to prove Theorem 13.41 we must prove that H 
is locally of class C^iA"), C'^{Aa) and C'^{A) in {-00, mi - |) and that A and A^ 
are locally strictly conjugate to H in (E,mi — |). 

Recall that H is locally of class G^(A) in (—00, mi — |) if, for any ip g G^((— 00, m 
I)), ipiyH) is of class G^(A), i.e., t e^^^*(p{H)e^^^'ip is twice continuously differ- 
entiable for all ip e C(^'{{—oo,mi — |) and all V' G 5^- 

Thus, one of our main results is the following one 

Theorem 3.7. Suppose that the kernels G^f]^, satisfy Hypothesis \2.1\ and \3.lY i)- 

(iii). 

(a) H is locally of class G^{A), C'^{A'') and C^{A„) in (-00, mi - 6/2). 

(b) H'^ is locally of class G^(A°') in {~oo,mi - (5/2). 

It follows from Theorem [3J] that [H, iA], [H, iA^], [H, lA"] and [H" , lA"] are 
defined as sesquilinear forms on UkEk{H)^, where the union is taken over all the 
compact subsets K of (—00, mi — S/2). 

Furthermore, by Proposition 13.61 Theorem 13.71 and [13, Lemma 29], we get for 
aU ip e C^{{E, mi - S/2)) and aU V S 5, 

^{H) [H, I A] p(H) i, = Imi p{H) {H, ^ ] p{H) ^ , 

p{H) [H, iA„\ p{H) ^ = hm p{H) [H, ] p{H) ^ , 

(3-19) uA^_. 

p{H) [H, iA"] p{H) i, - Ihn p{H) [H, "—^ ] p{H) ^ , 

itA" _ 1 

The following proposition allows us to compute [i?, iAt] , [H, iA"'] , [H, iA^] and 
[H", iA"] as sesquilinear forms. By Hypothesis 12.11 and 13.11 (iii.a), the kernels 
G^"'*^,(^i, .,^3) belong to the domains of a, a" , and Oo-. 

Proposition 3.8. Suppose that the kernels G^f^^, satisfy Hypothesis \2.1\ and 
\3.1\ (iii.a). Then 

(a) For all ip g T>{H) we have 

{i) limt^o = {dT{w(-^))+gHi{-iaG))iP, 

(^^) lim^^o [H,s:^^]iP = {AT{(r^")-'w'^-'y) + gHi{-ia"G))ij, 
{iii) limt^o (dr((?7,)2z«(2))+5H,(-ia<,G))V, 
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limi_,o [i?^2:^]V^- (dr(«)2ti;(2))+5i7,(-ja-(x^(p2)G)))V. 
(b) (*) supo<|,|<i II [H, [H + z)-i|| < oo, 

(m) supo<|t|<i II [i/, t (i^ + i)"^|| < oo, 
(m) supo^|t|<i II [g, r~^ ](^ + ^)~1l <°o, 
supo<|,|<i||[i/^^^^^](i/ + *)-i|| <oo. 

Proof. Part (b) follows from part (a) by the uniform boundedness principle. For 
part (a), we only prove (a)(i), since other statements can be proved similarly. 
By (|3.13p . we obtain 

l|u;f - ^^^(^2)1 < ^(e^l*l - l)wf\p2) , 

for e= 1,2,3. 

By p.l4p - p.l6p and the Lebesgue's Theorem we then get for all i/j e 'D{Hq) 

r,itA -1 1 



ItA" _ -1 1 

lim [Ho, ] V = lim 7 [e'**^ i^oe'*^ - i?o] V' = dr((r7-)2«;(2))^ , 



t 


J 


^itA' 


- 1 


t 






- 1 



t^o t -' t-*o t 

pitA^ _ 1 1 

lim [Ho, ]V = lim -[e-^*^"i?oe'*^' - i?o]^ = dr((7,,)2u;(2))^ , 

By dnmi), we obtain for aU ijj eV{H), 

„itA _ 1 1 

lim [Hi{G), ]^ = lim -[e-**'4i7/(G)e'*^ - ffj(G)] V = Hi{~i{aG))tP, 

itA" _ -1 1 

lim [Hj{G), ]^ = lim -[e-'*-^'ilKG)c''*-4" - Hi{G)]^ = Hi(-t{a'^G))i^, 

t ^■O t t ^0 t 



t 






-1 


t 






-1 


t 



1 



lim [Hi{G), ]^ - lim -[e-'*^'iJ/(G)e''*'4. - i//(G)]^ = i//(-z(a,G))V', 

lim[7?,(r(P2)G), ^ jV' 



= lim i[e-"^'iJ,(r(P2)G)e^*-4" - ^,(^(^2)6)]^ = i/z(-*(a^(r b2)G)))V' . 
This concludes the proof of Proposition [3?8l D 



Combining (|3.19p with Proposition l3.81 we finally get for every ip e G^((— 00, mi- 
(5/2)) and every t/" € 5' 

(3.20) 'p{H)[H, iA]ip{H)-iP = ip{H)[dT{w^'^^) + gHi{-i{aG))\'f{H)il^ , 

(3.21) ^(iJ) [H, zA'^] ^{H)^ = ¥.(iJ) [dT{{rj'^)'w^'^) + gHji~i{a-G))] (^(i?)V , 

(3.22) ipiH)[H, iA,]ip{H)4, = .f(H)[AV{(r],fw^'^^)^gHi{-i{a„G))\'f{H)i, , 

and 
(3.23) 

^{H")[H^, iA^\p{H^)^ = ^(iJ-)[dr((rr)2«;(2)) +gi/,(_,(a-(;^-G)))]^(i?-)^ . 
We now introduce the Mourre inequality. 
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Let N be the smallest integer such that 

N-f > 1. 

We have, for g < g'g'\ 

1 ,^ 3gD . ^ 3gD 

7<7+T7l- — -7<1- — 

(3.24) ^ . ^ 
7 . I 3gD 
^ < 7 - T7 1 7 < 7 ■ 



Let 



1 . Sgl^'i) 



We choose / e C^(M) such that 1 > / > and 

1 if Ae [(7-e^)2,7 + ^^ 
(3.25) /(A)=<' if A>7+^(l-^-7)=7 + 2e 



7 



7 ' 



if A<(7-^(l~^-7))' = (7-2e,)2 

Note that 7 + 2e..y < 1 - 3gD/-f for 5 < g^^^ and -f~ej>-f/N. 
We set, for n > 1, 

/«(A) = /' ^ 
Let 

En = inf a-(i7„) , 

7:r(2) _ tt(2) 
^On — -"0(T„ ■ 

Let P" denote the ground state projection of i/". It follows from proposition 
that, for n > 1 and g < gs < g^P , 

(3.26) /„(i7„ - £;„) = P" ® /n(i?($'i) . 
Note that 

(3.27) P„ = P" = infer (i/") . 
Set 

a = a , 
A„ — A, 

1?n = 1?o-„ 



We have 



A = A'' + An 



We further note that 

(3.28) a"r"(P2)=a^ 
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By ([33T|) . (|3:23l) and dSSHl), we obtain 

as sesquilinear forms with respect to ^ = ^" iSi ^n- 

Furthermore, it follows from the virial Theorem (see [25[ Proposition 3.2] and 
Proposition 16. ip that 

(3.29) P"[ff",a"]P" =0 . 
By ((X^ and (jg:^ we then get, for g < gs < gf\ 

UiHn - ^;„)[i^,^A"]/„(i^„ - £;„) = o . 

We then have 

Proposition 3.9. Suppose that the kernels G^f] ^, satisfy Hvpothesis \2.1\ and lS.ll 
Then there exists Cs > and g^p > such that g^^^ < gs and 

fn{Hn — En)[H, iAn]fn{Hn — En) > Csj^Crnfn{Hn — En) 

for n > 1 and g < gg^"^ . 

Let Ea{H — E) be the spectral projection for the operator H — E associated 
with the interval A, and let 

(3.30) A„ = [(7 - e^)^CT„, (7 + e^)cr„], n > 1 . 
Note that 

(3.31) [o-„+2, o-ri+i] C ((7 - e-y)^cr„, (7 + e^)cr„) , n > 1 . 

Theorem 3.10. Suppose that the kernels c'f^^, satisfy Hvvothesis \2.1\ and \3.1\ 

Then there exists Cs > and gf^ > such that g^^ < g^^"^ and 

Ea„ (H ~ E)[H, iA]Ea„ {H^E)> Cs^anEA„ (H - E) , 
~ (2) 

for n > 1 and g < gl ■ 

4. Existence of a ground state and location of the absolutely 

CONTINUOUS spectrum 

We now prove Theorem l3.3l The scheme of the proof is quite well known (see [5], 
|20j). It follows from Proposition 13 . 51 that i7" has an unique ground state, denoted 
by 0", in r , 

H"(t," ^ E"(t,", € V{H"), ||0"|| = 1, n > 1 . 

Therefore has an unique normalized ground state in given by (pn — (j^^ ® 
where VLn is the vacuum state in 5^„, 

Hn4>n = E'^^n, 4>n G I?(i/„), ||<^„|| =1, n>l . 

Since \\(t>n\\ = 1, there exists a subsequence {nk)k>i, converging to oo such that 
{<pnk)k>i converges weakly to a state (p £ ^. We have to prove that 7^ 0. By 
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adapting the proof of Theorem 4.1 in (see also [7]), the key point is to estimate 
||c£.e(C2)*i'n||ff Order to show that 

(4.1) EE / I|c£,e(6)4ll'd6 = 0(5') , 

£=1 e •' 

uniformly with respect to n. 

The estimate (|4.ip is a consequence of the so-called "pull-through" formula as it 
follows. 

Let Hi n denote the interaction Hj associated with the kernels 'i-{\p2\>(7„}iP'2)G[°'] ^, . 
We thus have 

with 

l^£,e,e'(6) =9 j G(^i-e(6,C2,6)6L'(^l)«^(^3)dCld6 

+ 5 j GS,,(6,6,e3)6L'(ei)«:fe)deid6 . 

This yields 

By adapting the proof of Propositions 12.41 and 12.51 we easily get 

\\v,,.,e'n^ < ^ ( E iiGfA'(-.6,.)iiL^(s,xs.) ) iii^o^^ii 

(4.3) rnw^ J 

+ g\\GflA;^2,.)\\m^,x^.)\m , 

where V G T^{Ho)- 

Let us estimate |li?o0n|l- By ([1211), (ESOl), (E31), (EH) and ([SH) we have 

9\\Hi,n4>n\\ < gK{G){Cp4HM+Bp^) 

and 

\\HM < \E.n\+g\\Hi^Jj ■ 

Therefore 

\E„\ , gK{G)B0r, 



^'•'^ "^"^"""^l-,ri^(G)G,, ' l-,r/^(G)G,, 

By ((3?27)) . CO|) and (gJl), there exists G > such that 

(4.5) \\Ho4>n\\<G, 

uniformly in n and g < gi- 

By (glal), (gSl) and (gS]) we get 



\ci. 



inW < ^ (C'^ (^El|Gfi'(.6,0IU^(S,xE.)j +||Gg,,,(.,6,0llL^(S,xS.)j 
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By Hypothesis IS-lT i). there exists a constant C(G) > depending on the kernels 

G = (G^"^^/)£=i,2,3;a=i,2;e5^e'=± and such that 

EE / iic.,.(e2)0„f d6 < c(G)v • 



The existence of a ground state for H follows by choosing g sufficiently small, 
i-e. 5 < 52, as in 1^ and [7j. By adapting the method developed in [19] (see [T9l 
Corollary 3.4]), one proves that the ground state of H is unique. We omit here the 
details. 

Statements about cr{H) are consequences of the existence of a ground state 
and follows from the existence of asymptotic Fock representations for the CAR 
associated with the ^(^2) 's. For / e L^{M.^, C^), we define on I?(_ffo) the operators 



c«*^(/)=e^*«e-^*«°c«,(/)e"^''-*^ 



e' 



By mimicking the proof given in [5D1[2H] one proves, under the hypothesis of The- 
orem [33] and for / G C|5f(R^C2), that the strong limits of cj* (/) when t ±00 
exist for ip € 'D{Hq), 

(4.6) hm 4*,(/)V := 4t(/)^ . 

The operators C£^(/) satisfy the CAR and we have 

(4.7) c±(/)^ = 0, /eCo°°(M3c2), 

where (j) is the ground state of H . 

It then follows from (|4.6[) and (|4.7p that the absolutely continuous spectrum of 
H equals to [infcr(-ff), 00). We omit the details (see [20 1 128 ] ). 

5. Proof of the Mourre Inequality 

We first prove Proposition l3.9l In view of Proposition [?751 ^a) (iii) and p.22p . we 
have, as sesquilinear forms, 

(5.1) [ff, iA„] = (1 - .9)dr((r,,)2u,(2)) + 5(dr((r,j2^(2)) ^ gHi[~i{a„G)) . 

Let 5^^^^ (respectively ^^p) be the Fock space for the massive leptons (. (respectively 
the neutrinos and antineutrinos €}. 
We have 



Let 



=:gw® (<^Li ^P) and ^ ^3^^y(2) . 

We have 

(5.2) ;? ~ ® ^(2) ^ 

5^'-'^' is the Fock space for the massive leptons and the bosons W^, and ^J*^^^ is the 
Fock space for the neutrinos and antineutrinos. 
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We have, as sesquilinear forms and with respect to ()5.2|) . 



(5.3) 



3 

+ I \P^\\'^^® Va{P2)clM2) + E 1^ 

I li «)r7^(p2)Q,e(6) + 2_. ]^;^| 



l2 dC2 



EE/ E 

f=l ET^e' \q=1,2 



\P2 



^0 E 



\P2\^ 



l2 d6 



where 



and where Ij is the identity operator in ^^^^ . 

By mimicking the proofs of Proposition l2.4l and 12.51 we get, for every ip G Tl, 

2^ ( / ( 2^ — ^^ji — ^ 2^ — r-o — ^ i2)V'd6 



£=1 e5^€' 
3 



EE 

1=1 e^e' 



(2^ — r-n — '^i2)V'd6 



b2|^ 



b2h 



< 



E»=i,2l("^^(P2)GH,0(6,e2,6)l 

W(^K^3)\P2\ 



-d6d6d6 ) IKiJ^'^V'l 



Noting that \{o.r]^) (jj2)\ < C uniformly with respect to a, it foUows from hypothe- 
sis [2TT] and [O] that there exists a constant C{G) > such that 



/ 

This yields 
(5-4) - /( E 



E„=i.2(a'?'x(P2)G^"),,,)te,6,6)l 



■d6d6d6 < CiG)a . 



u;(3)(f3)|p2 



— l2)( 2^ 7^-;t ^ l2)d^2 > -C{G)a 



\P2 



\P2 



a=l,2 l^-^l Q = l,2 

Combining ((5?T|l . ((O)) with we obtain 

(5.5) [H, zA„] > (1 - 5)dr((77,j2zi,f )) - gC{G)an 
We have 

(5.6) dr((r;.j2^«f)> 77(^2 . 
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By (|3:24l) . (|3:26l) and (US)) we get 

^2 

— J^^nfniHn — En) , 

for g < 55^^- 

This, together with (|5.5p . yields for g < g^^^ 

fn{Hn — £^n)[^^, iAn]fn{Hn — En) 
2 

^ (1 - 9f^)j^<^nUHn - En)^ - 9 C{G) a„/„(H„ - S„)2 . 



Setting 



o^"' - inf fo^'' ^—^^] 



we get 

(1) 2 

2 iV2 



fn{Hn - En)[H, iAn]fn{Hn " En) > ^—^^CTnUHn " 



for 9 < 9^ ■ 

Proposition 13.91 is proved by setting gf^^ = g'f''^ and Cg — ^ . 

The proof of Theorem 13.101 is the consequence of the foUowing two lemmata. 

Lemma 5.1. Assume that the kernels G^^^^ ^, satisfy Hypothesis \2.1\ and \3.lY ii). 

Then there exists a constant D > such that 

\E~En\<9D<^n , 

for n > 1 and 9 < (7^^^ . 

Proof. Let (j) (respectively (/)„) be the unique normalized ground state of H (respec- 
tively Hn). We have 

E-En<i4>n,iH-Hn)4>n) 
En-E<icj), {Hn - H)(b) , 

with 

(5.8) H -Hn=9Hi{XaMG) . 
Combining and (lOO]) with jSJl-lIlll) and (HH), we get 

(5.9) \\{H-Hn)M\ <9K{XaAP2)G){Cf34Ho^n\\+Bi3^) 

and 

(5.10) \\{H-Hn)^<9K{xaMG){Cpr,\\H^^^Bp,,) 

It follows from Hvpothesis lS.lT ii). (|4.5p . ()5.9|) and ()5.10|) that there exists a constant 
D > such that 

m&^{\\{H - Hn)4>n\\: \\{H - Hn)4>\\ < 9 D an" , 

for n > 1 and g < 5*^^^ 

By (|5.7p . this proves Lemma [STT] □ 
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Lemma 5.2. Suppose that the kernels c'f^^, satisfy Hypothesis \2.1\ and \3.lV ii). 
Then there exists a constant C > such that 

(5.11) ||/„(i?--B)-/„(i/„-£;„)|l <gCan , 

for n > 1 and g < 5^^^ . 

Proof. Let /(.) be an almost analytic extension of /(.) given by (|3.25p satisfying 



(5.12) d-Jix + iy) 



Note that f{x + iy) G C^{W). We thus have 

(5.13) /(s)^/'M£), d/(z) = --|^dxdy . 

J Z — S TT OZ 

Using the functional calculus based on this representation of /(s), we get 
(5.14) 

fniH-E)-f,,{H^-En)=a,, f ——J (H-Hn+En-E)- ^ d/(z) . 

J tl — tj — ZGn tin — — ZGn 

Combining (P?^ and ^(T^ with dS^-dSH) and Hypothesis OJii) , we get, for 
every ifj £ 'D{Hq) and for g < g^^\ 

(5.15) g\\Hiixa„G)^\\ < 2 gC an^KiG) {C^JiHo + IM + {Cp,, + Bprj)m) ■ 
This yields 

(5.16) g\\Hi{xaMG){Ho + l)-'\\<gCian^ , 

for some constant Ci > and for g < g'^'. 

By mimicking the proof of (jA.12|l we show that there exists a constant C2 > 
such that 

(5.17) ||(i/o + l)(i^n - En ~ za„)-i|| < 02(1 + ,^ \ ) , 
for g < g^^\ 

Combining Lemma [5TT] and (|5.14p with (|5.15p - (|5.17p we obtain 

f \^(x + iy)\ 

\\fn{H -E)- fn{Hn - En)\\ < g C a,, j ' ^ "'U xdy , 

for some constant C > and for g < g^^\ 

Using (|5.12p and f{x + iy) £ C^(R^) one concludes the proof of Lemma 15. 21 □ 

We now prove Theorem 13. 101 

Proof. It follows from Proposition [231 that 

f„{Hn - En)[H, lA]fn{Hn " E^) 

= fn{Hn ~ En)[H, iA„]/„(i/„ - En) > Csj^CJn fn{Hn - Enf , 

for n > 1 and g < g^g^ . 



MATHEMATICAL MODEL OF THE WEAK INTERACTION 



31 



This yields 

fn{H - E)[H, iAn]fn{H -E)> Csj^an fn{H - Ef 

- UH - E)[H, iA]{U{H„ - En) - fn{H - E)) 

- iUHn - S„) - UiH - E))[H, iA]U{Hn - En) 

+ Csj^<Jn{fn{Hn - En) - fn{H - E))^ 

+ Csj^anMH - E){fn{Hn ~ En) - fn{H - E)) 

+ Csj^an{fn{Hn - En) " fn{H - E))fn{H - E) . 

Combining Proposition 13.81 (i) and (|5.13p with (|5.16p and (|5.17p we show that 
[H, iA]fn{Hn — En) and fn{H — E)[H, iA] are bounded operators uniformly with 
respect to n. This, together with Lemma [521 yields 

2 

(5.18) fn{H^E)[H,tA]fn{H~~E)>Cs^<JnMH-E)^-Cgan , 

for some constant C > and for g < mf{g^'^\ ds^'')- 

Multiplying both sides of ([STS]) with Ea„ {H - E) we then get 

E^SH - E)[H, iA]Ea,XH -E)> Cs^anEA^H - E) ~ CganE^AH - E) . 



Setting 



if <i„f f^.»<=>,5<" . 



Theorem inHni is proved with Cs = Cs - cKgf^ > 0. □ 



6. Proof of Theorem 13.71 

We set 



At = 

t 

ad^t- = [At, ■' 

pitA"-! 



t 

Aat 



The fact that H is of class C^iA), C'^{A'') and C^{A„) in {-oo, mi - f) is the 
consequence of the following proposition 
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Proposition 6.1. Suppose that the kernels G^f^^, satisfy Hypothesis \2. l\ and \3. lY iii.a) . 
For every ip g C§°{{—oo,mi — |)) and g < gi, we then have 

sup \\[(piH), At]\\ < cx), 

0<|t|<l 

sup \MH),A^]\\ <oo, 

0<|t|<l 

sup \\[(p{H), Aat]\\ < oo , 

0<|t|<l 

sup \MH-), A^]\\<^. 

0<\t\<l 

Proof. We use the representation 

where is an almost analytic extension of (p with 

1 o 

\d,Hx + iy)\ < C\y\^ and dcj){z) = — — cl){z)dxdy . 

n oz 

Note that (P{x + iy) € C^f (M^). 
We get 

a.dAMH) = j d(t>{z){z - H)-^[Au H]{z - H)~^ . 

This yields 

< sup \\[AuH]{i,-H)-^\\ fmz)\\\{z-H)-^\\\\{r-H){z~H)-^\\. 
o<|t|<i J 

It is easy to prove that 

(6.1) j mz)\ \\{z H)-^\\ \\{^ H){z H)-'\\ <C j < oo . 

By Proposition l3.8f b)(z) and (|6.ip we finally get, for g < gi 

sup ||adyij ^iH)\\ < oo . 

0<|t|<l 

In a similar way we obtain, for g < gi 

sup II [A^, ^(i/)]|| <oo, 

0<|t|<l 

sup \\[A„t, f{H)\\ < oo , 

0<|t|<l 

sup II ifiH^m <oo . 

0<|t|<l 



□ 



The proof of Theorem 13.71 is the consequence of the following proposition 
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Proposition 6.2. Suppose that the kernels G^"''^/ satisfy Hypothesis \2.1\ and \3.1\ (i)- 
(iii). We then have, for g < gi, 

sup \\[At, [At, H]]iH + i)-'\\ <oo, 

0<|t|<l 

sup \\[A^,[A^, H]{H + t)-'\\ 

Q<\t\<l 

sup \\[A^t,[Aat, H]{H + <(x, 

0<\t\<l 

sup \\[A^,[A^,H^]iH'^ + i)-'\\<oo, 

0<\t\<l 

Proof. We have, for every ip £ ^{H), 

(6.2) [At, [At,H]U = K■^^tA(^^-2^tAJJ^2^tA _ 2e-~'*^ He''"^ + H)iP . 

By ((311)) we get 

(6.3) [At, [At, HoU = 4e2'*^(dr(«;(2) o 02t - 2w^'^ o 0, + w^^^))^ , 
where, for i = 1,2, 3, 

(6.4) (u;f ) O 02t)(p2) - 2(l«f O ^t)iP2) + wf\p2) = |</.2t(p2)| - 2|0t(p2)| + b2| ■ 

We further note that 



(6.5) I||02,(p2)|-2|,/.t(p2)| + b2|| < sup 

* kl<2|tl 

and 



92 

^I0.(P2)| 



(6.6) ^l0.(P2)| = |0.(P2)|<erM|p2| . 

Combining with ([131)- (HSl) we get 

II [At, [At, i7o]](i?o + l)-^|| <e2r|*l , 

and 

sup [\[At, [At, Ho]](i/o + l)-'|| <e2r . 

0<|t|<l 

In a similar way we obtain 

sup [Wt. K,^o]](i?o + 1)-^|| < Ce^r , 

0<|t|<l 

sup ||[A,t, [A„t,Ho\]{Ho + l)-^[\ <Ce^^ . 

0<\t\<l 



Here C is a positive constant. 
Let us now prove that 



sup II [At, [At, Hi{GmH + i)-'[\<^ 

0<\t\<l 
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By ([318]) and we get, for every ip e V{H), 
[A, [A, Hj{G)]]^ 



JlitA 



JlitA 



a=l,2^=l,2,3e/£' 

where 

Combining fTI^ and ^^T^ with (I331)-(IS1D and ^l^j we get 

(6.8) \\[At, [At,Hj{G)]]^<gK{Gt){Cp,\\{Ho + im + {Cp^ + Bp,)\m . 
Here K{Gt) > and 

(6.9) K{G,r=Y: E E^II<U-24tv + Gg,'llW.x..x..) 

a=l,2 £=1,2,3 £#e' 

We further note that, for < |<| < 1, 



(6.10) KiGt) < sup (J2 

0<\a\<2 ^a=i,2 £=1,2,3 



L2(SiXSiXS2) 



We get 
(6.11) 



4(e"'*°Gg,,) + (e-*"(p2-Vp,G(") )), 



and 
(6.12) 

tG 



„(a) 



9^2 

= J(e'^*'^Gg„) + ^(e--(p2 • V,,Gg„)) + E e"^"(P2,.P2,,9,^„,,,.G(",',„)- 

i,j = l,2,3 

Recall that e~**° is an one parameter group of unitary operators in x Ei x E2). 

Combining Hypothesis 13. If iii. a) and (iii.b), with (j6.8D - (|6.12p we finally get 

sup II [At, [At, Hi{GMHo + l)-'\\ <oo . 

0<|t|<l 

In view of r'(i?) = 'D{Hq) the operators i7o(^^ + «)^^ and iJ(iJo — 1)""'^ are bounded 
and we obtain 

sup lll^t, [At, Ha]]{H + i)-^\\ <oo , 

0<|t|<l 

(6.13) sup [\[At,[At,Hi{G)]]{H + i)-^\\<<x . 

0<|t|<l 
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This yields 

(6.14) sup \\[At,[At,H]]iH + i)-^<cx,, 

0<\t\<l 

for g < gi. 

Let V(p2) denote any of the two C°°-vector fields v"'{p2) and Uo-(p2) and let a 
denote the corresponding a"^ and operators. We get 

32 









e 






















^1 





(E(^^(P2)(5,\.,,,,V,(p2)))Gg, 



(6,6,6) 

Gr.:.oi (6,6,6) 



d ^(a) 



g11,)| (6,6,6). 
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1,0 = 1 r r J 

Combining the properties of the C°° fields v''{j)2) and Va{p2) together with Hy- 
pothesis [57T] and [5Tl] we get, from (|6.13p and by mimicking the proof of (j6.14p . 

(6.15) sup \\[A^,[A^, H]]{H + i)-'\\<^ , 

Q<\t\<l 

sup \\[A^t, [A'^t,H]]{H + i)-^\\< 00 , 

0<\t\<l 

forg<5i- 

Similarly, by mimicking the proof of (j6.15p . we easily get, for g < gi, 
sup II [A^, [A^, i7'^]](i/-+*)-i|| <oo . 

0<|t|<l 

This concludes the proof of Proposition 16.21 □ 

We now prove Theorem 13.71 
Proof of Theorem\3. 7| In view of [3, Lemma 6.2.3] (see also [13l Proposition 28]), the 



proof of Theorem 13.71 will follow from Proposition 16.11 and the following estimates 

(6.16) sup II [Au [At, v{H)]]\\ <oo , 

0<|t|<l 

(6.17) sup II [A^,(^(i/)]]|| <oo , 

0<|t|<l 

(6.18) sup II [A,u \Aau <oo , 

0<|t|<l 

(6.19) sup II [A^, [A^, ^{H-)\\\\ <oo , 
o<|tl<i 
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for every ip S C^[[—(X),mi — 5/2)) and for g < gi. 

Let us prove (|6.16p . The inequalities ()6.17|) - (|6.19|) can be proved similarly. 
To this end, let (f) be an almost analytic extension of (p satisfying 

\d-Mx + iy)\<C\y\' , 



and 



viH) = f{z- H)-'dc^{z) , d0(z) = -i|,<^(z)dxdy , 
J n OZ 

It follows that 

[At [A,v{H)]]^ I [{z-H)-^[A, [A, H]]{z - H)-' 

+ 2{z - H)-\Au H]{z - H)-\Au H]{z - ff)-i)d0(z) 
We note that 

(6.20) \\{H + i){H - z)-^\\<-^^, forzesupp0. 

\iva.z\ 

We also have 



(6 



-i,mz)\ 



sup II {z-H)'\At[AuH]]{z-H)-^dc^{z)\\ 

0<|t|<l J 

.21) < sup [ \\[At[At,H]]{H + i)-^\\\\{H + i){z-H) 

o<\t\<iJ |Imz| 

<C sup \\[Au[AuH]]{H + i)-^\\ ["^-^^ . 
o<|t|<i J |Iniz|^ 

Therefore, combining Proposition 13. 81 (b)(i) and (|6.20p we obtain 

sup II [ A,p{z){H - z)-^[At, H]{H - z)-^[At, H]{H - z)-^\\ 
<\t\<i J 



0<|t 

= sup \\ [{H-z)-^[At,H]{H + i)-\H + i){H-z)-^ 
(6.22) o<|t|<i J 

[At, H]{H + i)-\H + i){H- z)-^d(f>{z) 
<c(f\^P^) sup [\[A,H]{H + ^)-T<oo. 

\J \y\-^ J o<|t|<i 

Inequality together with ((OT|) yields (pT^ . and H is locally of class C'^{A) 

on (— oo, TOi — (5/2) for g < gi. 

In a similar way it follows from Proposition [3^b), Proposition 16 . II and Proposi- 
tion O that H is locally of class C^{A'^) and C^iA^) in ( —oo, mi — 5/2) and that 
H'^ is locally of class C'^{A°') in (— oo,r7ii — 5/2), for g < gi. This ends the proof 
of Theorem O □ 

7. Proof of Theorem 13.41 

By p.3ip . U„>i ((7 — e-y)^(T„, (j + ^■y)o'n)) is a covering by open sets of any 
compact subset of {E, nii — 5] and of the interval {E, mi — 5] itself. Theorem 13 .41 (i) 
and (ii) follow from Theorems 0.1 and 0.2 in [2F and Theorems 13 . 71 and 13 . 101 above 
with gs = 9s^\ where gf^ is given in Thcorcm l3.10l Thcorcm l3.4l fiii) follows from 
Theorem 25 in 231. 
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Appendix A. 



In this appendix, we will prove Proposition [3T51 We apply the method developed 
in [3] because every infrared cutoff Hamiltonian that one considers has a ground 
state energy which is a simple eigenvalue. 

Let, for n > 0, 

Sl'^'+l - El n {V2\ <yn+l <\P2\< <Jn} , 
Tr"+1 _ ^3 n+1 

We have 

Let il" (respectively i^J^"*"^) be the vacuum state in (respectively in S^^^)- We 
now set 

iJo^i = + i^f) + ^ ^ /■ u;f ^(6)c,%(6)Q..(6)d6 . 

The operator i?o"^^ ^ self-adjoint operator in 3"^+^. 

Let us denote by Hf and -ffj"^^ the interaction Hi given by ((27T0| - (|2?T2| but 
associated with the following kernels 

r"(P2)Gg,,(ei,6,6) , 

and 



(r"+np2)-r"(P2))Gg,,(6,6,6) 



respectively, where x"^"*^ is defined by ()3.ip . 
Let for n > 0, 

i/!^ = iJ" - , 

The operators if" and i?" are self-adjoint operators in 5^" and 5^"+^ respectively. 
Here 1" and IJ^"*"^ are the identity operators in 5^" and iJ"'*'^ respectively. 
Combining ((2:29)) and ((OOl) with jlJll-dSJl) we obtain for n > 0, 

(A.l) g\\Hfi:\\ < gK{G)iCp,\\H,^/j\\ + , 

for every i/j £ V{W^) C S'". 

It follows from ^ §V, Theorem 4.11] that 



1 - giK{G)Cp^ - 1 - giK{G)Cp^ 
and 

^„ ^ gj^(G)i3/3, 
- 1 - .giif (G)C/3^ ■ 

We have 

(A.2) (f]", ii"f]") = . 

Therefore 

< , 
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and 

(A.3) \E-\< 9K{G)Bp, 



1 - giK{G)Cp^ • 
Let 

(A.4) K+\G) = if (l.„^,<|p,,<2.„ G) . 

Combining ^(TI^ and ^(1^ with ([53) and (|X4)) we obtain for n > 

(A.5) g\\H-+'ij\\<gKl+\G){Gpr,\\H-+'n+B,,\m) , 

for V G T^iK^^) C where we remind that H'q'+^ = Ho\^^^+i as defined in 

We have for every ip £ 'D{H^^^), 

(A.6) = i??^ + i?"V' - 3(ii/" ® , 

and by (jA.ip 

(A.7) g\\{HY®ll+')n<9K{G)(Gp^\\H^+^ij\\+Bp4i'\\) ■ 

In view of l|A.3p and (|A.6p it follows from (|A.7p that 
(A.8) 

gK{G)Cp, ~ gK{G)Bp, gK{G)B,, 

- 1 - 51 if(G) C;3, " +^"^ l-5iif(G)C^/ l-.giX(G)C;5,^"^" ■ 
By (IS21), (03), (TOI) . (TOl) . (TOl) we finally get 

(A.9) g\\H,l+^n<9K^\G){Cp^\\Hin+BpM\\) ■ 

For 7z > 0, a straightforward computation yields 



(A.IO) K+'iG) < a^K{G) < sup(- 4, 1) X(G) 

Recall that for n > 0, 
(A. 11) CT„+i < mi . 

By [KM . (IXTOl) and (^^11) . we get, for i; e V{Ho), 
g\\H,"„+'4'\\<gK:+'{G){Cp,\\iHl + an+im + {C0^mi + B^^^^^ , 
and for (j) £ ^, 
(A.12) 

gllg^r^g; + < gifr^(G) (G,, + ^^C,, + B,^^ 

- 7 '''P^ 2mf-J ' ^)^iG){2m,Cpr, + Bp^)\m 
Thus, by (IXT2I) . the operator H/^+\HI + o-„+i) ^ is bounded and 
g\\H/:+\Hl + ar.+,)-'\\<g^ , 
where D is given by (see p.9p 

^ = ™P(:7^^, 1) K{G) {2miCp^ + Bp^). 
Zmi — 
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This yields, for e V{Hl), 

9\\H,i-''n<9^\\{Hi + ^n+im ■ 

Hence it follows from [22l §V, Theorems 4.11 and 4.12] that 
(A.13) V')! <5^((i^? + fT„+i)^, ^) . 

(21 

Let gl > be such that 

5f^<l and ,f <,W. 
By lAllI we get, for .9 < \ 

(A.14) =Hl + E'^ + gH,l+^ > - ^ a„+i + (1 - —)H1 . 

Because (l - gD /j)H'l > we get from (|A.14p 

(A.15) E"+^ >E"-^ CT„+i, n>0 . 

7 

Suppose that e 5'" satisfies = 1 and for e > 0, 

(A.16) (V-", H"i;") <E" + e . 

Let 

(A.17) V'""^! = V" f^;^^^ e 5"+^ • 

We obtain 

(A.18) E"+^ < H"+^4)"+^) < i;" + e + .9(V^"+\ 

By ((ITT3)) . (|XT6ll . fOTI and (f08|) we get, for every e > 0, 

7 7 

where 17 < g^^^ . 
This yields 

(A.19) <E'' + ^ c7„+i , 



and by (jA.lSp . we obtain 



7 



For n = 0, since ctq = A, remind that H° = H^=^ = Hq° = Ho\^a. Thus, the 
ground state energy of Hq is and it is a simple isolated eigenvalue of with 
f2°, the vacuum in as eigenvector. Moreover, since A > toi, 

inf \ {0}) = mi , 

thus (0,mi) belongs to the resolvent set of Hq. 
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By Hypothesis IS-lT iv) we have — Hq. Hence E'^ = {0} is a simple isolated 
eigenvalue of ° and H'^ = . We finally get 

(A.20) inf {(j{H'^) - {0}) = toi > mi - - = tJi . 



We now prove Proposition 13.51 by induction in n G N* . Suppose that i?" is a 
simple isolated eigenvalue of ff" such that 

inf {a{Hl) \ {0}) > (1 - ^)a„, n>l. 



Since p.lOp gives cr n+i < (1 — ^^)<^n for g < gf'\ is also a simple isolated 



eigenvalue of iJ" such that 

(A.21) inf (a{Hl) \ {0}) > . 

We must now prove that £'"+^ is a simple isolated eigenvalue of H'^'^^ such that 
inf(a(77^+i)\{0})>(l-^)a„+i. 



Let 

A("+i) = sup _ mf {(j), H1+\ 



V,G5" + 1; ^#0 (</'.'/')=0; 06I5(H"+1); ||0|| = 1 

By (|A1I1) and jAUJ, we obtain, in 

(A.22) . ^ , 

7 7 

By (|A.17|) . '0"+^ is the unique ground state of /f^ and by (|A.21|) and (|A.22p . we 
have, for g < gf^, 

A("+i) > inf (0,H"+V) 

(0,Vi" + i)=O; 0Gr'(-f/"+i); 11011 = 1 
> (1 )0'„+l CTn+l = (1 )ct„+1 > . 

7 7 7 

This concludes the proof of Proposition 13.51 by choosing gs = g\ , \i one proves 
that satisfies Proposition 13.51 By noting that is a simple isolated eigenvalue 
of such that mi{a{H^) \ {0}) = cri, we prove that is indeed an isolated 

simple eigenvalue of such that iYii{a{H\_) \ {0}) > (1 — ^^)o'i by mimicking 

the proof given above for H^y^^. 



□ 
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